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We present a theory to investigate electrokinetic behavior, namely, electrorotation and dielectrophoresis
under alternating current(ac) applied fields for a pair of touching inhomogeneous colloidal particles and
biological cells. These inhomogeneous particles are treated as graded ones with physically motivated model
dielectric and conductivity profiles. The mutual polarization interaction between the particles yields a change
in their respective dipole moments, and hence in the ac electrokinetic spectra. The multipolar interactions
between polarized particles are accurately captured by the multiple images method. In the point-dipole limit,
our theory reproduces the known results. We find that the multipolar interactions as well as the spatial
fluctuations inside the particles can affect the ac electrokinetic spectra significantly.
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I. INTRODUCTION

Identification and analysis of cell populations and
(micro) biological particles are essential in many practical
applications ranging from cancer research to chemical analy-
sis of environmental pollutants. During the past decade, al-
ternating current(ac) electrokinetic phenomena, and, in par-
ticular, electrorotation(ER) and dielectrophoresis(DEP),
have received much attention in this respect, especially in
micromanipulation and separation of submicron size par-
ticles [1–12]. In addition to biological and environmental
applications, ac electrokinetic phenomena have been sug-
gested as possible mechanisms for nanomotors[13,14].

Both dielectrophoresis and electrorotation are based on
dielectric properties of particles. These properties depend
heavily on the nature of the surface, e.g., size, shape, and
charge density. For example, since the composition and
shape of cancer cells differ from those of healthy cells, these
differences are reflected in their characteristic dielectric
properties which can be exploited in identifying them. From
a practical point of view, ac electrokinetic methods have the
advantages of short detection times and high sensitivity[5].

Dielectrophoresis can be defined as the movement of po-
larizable particles in a nonuniform applied ac electric field
[15], whereas in electrorotation, an interaction between a ro-
tating ac electric field[6] and suspended particles leads to a
rotational motion of the particles. The most commonly used

models to deal with the dielectric properties of colloidal par-
ticles or biological cells are the so called shell models. Be-
cause of inhomogeneous compartmentalization of biological
cells, one-, two-, and three-shell models have been applied to
discuss electrorotation of biological cells, e.g., see Refs.
[6,16,17].

These cell models have several limitations and they be-
come complex as the number of shells increases. This is
particularly true when two(or more) particles approach each
other. In the dilute limit, one can focus on the electrokinetic
spectra of an individual particle. If the suspension is not
dilute, as it is often the case in practice, the situation is com-
plicated by the existence of multipolar interactions. Even
when a suspension is initially in the dilute limit, particles
often aggregate due to the presence of an external electric
field. In this case, a point-dipole approximation[18,19] be-
comes inadequate and the mutual interactions must be taken
into account by a theory[20,21] that goes beyond the point
dipole.

To provide a physically motivated and tractable model for
inhomogeneous particles, such as cells, we have recently
studied particles with spatial gradients in their structures by
introducing profiles for the conductivities and dielectric con-
stants of the particles, and used differential approximation
for the dielectric factor[22–24]. Here, we extend this work
to take into account polarization interactions when two par-
ticles approach each other, and treat both DEP and ER using
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the same theoretical framework. We consider a pair of touch-
ing graded particles in suspensions. As a result, the mutual
polarization interactions and the gradation fluctuations inside
the particles lead to significant changes in the electrokinetic
spectra. In a more general context, these are manifestations
of correlation effects in charge-carrying system[25,26].

II. FORMALISM

We consider inhomogeneous biological cells or colloidal
particles with radiusa. We assume that they have a distance-
dependent complex dielectric constantẽ1srd s0, r øad, and
that they are embedded in a host fluid having dielectric con-
stantẽ2. Hereẽ=esrd+ssrd / s2pi f d, wheree denotes the real
dielectric constant,ssrd the conductivity,f the frequency of
an external field, andi ;Î−1. As the above formulas suggest,
esrd and ssrd are not constant inside the particle but have
distance-dependent profiles. This is a very physical assump-
tion and we will return to it in the following discussion and
later in connection with the numerical simulations.

The dipole, or Clausius-Mossotti, factor reflects the polar-
ization of a particle in a surrounding medium. In a recent
work [22], we derived the dipole factor for graded spherical
particles by introducing a differential effective dipole ap-
proximation(DEDA). The generalization to the nonspherical
case was done as well[23]. The idea of the DEDA can be
summarized as follows: Consider a shell model for an inho-
mogeneous particle. In the DEDA one adds new shells of
infinitesimal thickness to the particle. Each of these cells
have distance-dependent complex dielectric constant. Since
the thickness of the layer approaches zerosdr→0d, its cor-
rection to the dipole factor is infinitesimal and one could
eventually obtain a differential equation.

The DEDA equation for a spherical graded particle has
the form [22,23]

db

dr
= −

1

3r ẽ2ẽ1srd
fs1 + 2bdẽ2 − s1 − bdẽ1srdg

3 fs1 + 2bdẽ2 + 2s1 − bdẽ1srdg. s1d

It is worth noting that the DEDA is essentially exact since it
is in an excellent agreement with the exact solutions obtained
for a power-law profile and a linear profile by solving the
Laplace equation for the local electric field[24].

For a pair of particles at a separationR in a suspension,
we have to consider the multiple images effect[20,27].
Theoretically, we may see the inhomogeneous graded par-
ticle as an effectively homogeneous one. Then, we consider
two particles in a suspension which is subject to an external
uniform electric field. This yields a dipole moment into each
particle. Let us denote the dipole moments of particles 1 and
2 as p10 and p20(;p10 for identical particles), respectively.
Then, we take into account the image effects. The dipole
moment p10 induces an image dipolep11 into particle 2,
while p11 induces another image dipole in particle 1. As a
result, multiple images are formed. The same description
holds for p20. Thus, we admit the infinite series of image
dipoles. To this end, we obtain the sum of dipole moments
inside each particle, and derive the desired expressions for

dipole factors. Let us consider two basic cases:(1) longitu-
dinal field sLd, where the field is parallel to the line joining
the centers of the particles, and(2) transverse fieldsTd,
where the field is perpendicular to the line joining the centers
of the particles.

Based upon a multiple images method[27], the dipole
factorsbL

* andbT
* , are given by[20,27]

bL
* = bo

n=0

`

s2bdnS sinh a

sinhsn + 1daD
3

, s2d

bT
* = bo

n=0

`

s− bdnS sinh a

sinhsn + 1daD
3

, s3d

for longitudinal and transverse field cases, respectively,
wherea satisfies the relation cosha=R/2a. Although it is
not obvious, it is important to notice that multipoles are in-
cluded in the above formulas[28]. Clearly, the multiple im-
age effects have been taken into account inbL

* andbT
* . It is

worth noting that: settingn up to 1 in the two equations leads
to the dipole factor for two touching particles in the point-
dipole limit. In this case, in view of bothubu2!1 andR/2a
,1, we have

bL
* s1d =

b

1 − b/4
,

bT
* s1d =

b

1 + b/8
. s4d

Both Eqs.(4) agree well with the result of Jones, which were
obtained by a field method in the point-dipole limit[19].

FIG. 1. ER spectra for an isolated particle and two touching
particles with R/2a=2.00,1.10,1.03, respectively. Parameters:c
=−30e0,m=1.0.
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A. Electrorotation

By adding a rotating electric field with magnitudeEER
* to

the two particle system, the effective dipole factor for a pair
of particles should be given by[20]

b* = sbL
* + bT

* d/2. s5d

Thus, in this case, the electrorotation velocity of a particle
V* is given by[20]

V* = − fse2,h2,EER
* dImfb*g, s6d

wherefse2,h2,EER
* d is a function ofe2, the viscosity of the

medium h2, and EER
* . Here Imf¯g denotes the imaginary

part of f¯g. For an isolated spherical particle,
fse2,h2,EER

* d=e2EER
*2 /2h2 [29].

B. Dielectrophoresis

We consider a single particle suspended in a medium and
subjected to a nonuniform ac electric fieldEDEP

* . The DEP
force FDEP acting on the particle is given by[29]

FDEP= 2pe2a
3Refbg=uEDEP

* u2, s7d

whereEDEP
* stands for the local rms electric field, and Ref¯g

denotes the real part off¯g. Next, for a pair of touching
particles, the DEP force is given by[21,29]

FL
* = 2pe2a

3RefbL
* g¹uEDEP

* u2, s8d

FT
* = 2pe2a

3RefbT
* g¹uEDEP

* u2, s9d

for longitudinal and transverse field cases, respectively. The
above formulation for the DEP force is, stricly speaking,
applicable for linearly polarized fields[30], which is the case
studied here.

III. NUMERICAL RESULTS

For the following numerical calculations, we take the con-
ductivity and dielectric profiles to be

s1srd = s1s0dsr/adm, r ø a, s10d

e1srd = e1s0d + csr/ad, r ø a, s11d

wherem andc are profile dependent constants. The profile is
clearly physical since conductivity can change rapidly near
the boundary of cell and a power-law profile prevails[23].
On the other hand, the dielectric constant may vary only
slightly and thus a linear profile suffices[23]. In particular,
the dielectric constant at the center, namely,e1s0d, may be
larger than that at the boundary. Thus, in what follows, we
would choosecø0. By integrating the dielectric profile, we
obtain an average dielectric constanteav for different values
of c by using a volume average[23]

FIG. 2. ER spectra for two touching particles. Upper panel for
profile constantsm at c=0 andc=−30e0, respectively. Lower panel
for various c at m=0 and m=1.0, respectively. The spectrum is
given as the imaginary part of the dipole factor. Parameter:R/2a
=1.03.

FIG. 3. DEP spectra for two touching particles in the longitudi-
nal field case. Upper panel for profile constantsm at c
=0 andc=−30e0, respectively. Lower panel for variousc at m=0
andm=1.0, respectively. The spectrum is given as the real part of
the dipole factor. Parameter:R/2a=1.03.
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e1
av =

E
0

a

e1srdr2dr

E
0

a

r2dr

. s12d

For the above dielectric profilee1
av=e1s0d+3c/4.

For all numerical calculations, we takee1s0d=75e0, e2

=80e0, s1s0d=2.8310−2 S/m, and s2=2.8310−4 S/m.
Heree0 denotes the dielectric constant of the free space.

Figure 1 shows the ER spectrum of two particles at dif-
ferent distances from each other. At large separations(e.g.,
R/2a.2), the multipolar interaction may be neglected, but
the induced multiple images play an important role in the
spectrum when two particles approach each other.

In Fig. 2, it is evident that a second peak due to the mul-
tiple image effect occurs at a lower frequency. In fact, the
appearance of a second peak has been predicted for homo-
geneous particles in a recent work[20]. Moreover, fluctua-
tions in the conductivity profile can make the characteristic
frequency shifted to lower frequencies(red shifted), while
those in the dielectric profile can enhance the peak value.
However, such effects on the second characteristic frequency
and its peak value are small enough to be neglected.

Fluctuations in conductivity and dielectric profiles may
enhance the DEP spectrum not only in the longitudinal field
case(see Fig. 3), but also in the transverse(see Fig. 4). The
effects of multiple images may change the DEP spectrum
significantly.

Similar to Fig. 1, Fig. 5 shows that the multiple images
play a crucial role in the DEP spectrum when the particles

are close enough. In contrast to the result from an isolated
particle, the multiple image effect may enhance the DEP
spectra(moreover, the real part of the dipole factor may be
enhanced to be larger than 1) at low-frequency region in the
longitudinal field case. However, the DEP spectrum is re-
duced in the transverse field case due to the presence of
multiple images.

To provide a concrete example, we consider a situation
using latex spheres. The conductivity was taken to be 2.8
310−4 S/m, and their dielectric constant 42.55e0. Taking
into account other physical parameters(for detailed param-
eters, please see Ref.[21]), we calculated the conductivities
for both the diffuse double layer and the Stern layer. This
gave 3.41310−3 S/m and 1.55310−2 S/m, respectively. In
addition, we set the separation between the particles to be
1.03 times the diameter of the particles, and the conductivity
and dielectric constant of the host electrolyte were taken to
be 10−2 S/m and 78e0, respectively. As a result, for the lon-
gitudinal field case, as compared with the isolated particle
case, the DEP force within the frequency range from 104 to
106 Hz was found to be enhanced up to 19.3%. In contrast,
for the transverse field case, the DEP force was found to be
reduced up to 5.6%. This justifies the present conclusion that
the multipolar interaction between two inhomogeneous par-
ticles has an important role in their ac electrokinetic spec-
trum.

In addition to the above, we have also compared the
point-dipole model with the current multiple image dipole
model(no figures shown). As expected, the results predicted

FIG. 4. Same as in Fig. 3, but in the transverse field case. FIG. 5. DEP spectra in the longitudinal field case(upper panel)
and the transverse(lower panel), for an isolated particle, and two
touching particles with separation ratioR/2a=2.00,1.10,1.03, re-
spectively. Parameters:c=−30e0,m=1.0.
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by them are quite different, especially at low frequencies.
This shows further that the point-dipole model is inadequate
for the touching particles, and thus needs to be modified to
take into account the effect of multiple images.

IV. DISCUSSION AND CONCLUSION

In this work, we investigated the effects of multipolar
interactions on ac electrokinetic behavior, electrorotation and
dielectrophoresis, of inhomogeneous biological cells, and
colloidal particles. We model such inhomogeneous particles
as graded ones. Our method may be extended to high-
concentration case[31,32] or pearl chain case[33,34], work
is in progress to address these issues in detail. Also, it is
possible to take into account shape effects by considering the
nonspherical shapes, such as oblate or prolate spheroid[11].
In doing so, we might resort to the derived DEDA equation
for graded spheroidal particles as well[23]. It is also
straightforward to extend this work to deal with the experi-
mentally interesting case of charged colloidal suspensions
[21].

To put our approach in the context of composite particles,
we have performed a mean-field approach in the spirit of
Choyet al. [35,36], i.e., treating inhomogeneous particles as
effectively homogeneous ones which are embedded in a uni-
form field. In particular, it is worth noting that well-known
Tartar formula[37] can be used to exactly calculate the ef-
fective complex dielectric constant of a single graded par-
ticle. Thus, once this effective complex dielectric constant is

obtained, one can proceed to calculate the relevant dipole
moment, and hence the desired dipole factor. More interest-
ingly, our DEDA approach can predict exactly the same re-
sult as Tartar formula[38].

To sum up, based on the DEDA, we have presented a
theoretical study of electrokinetic behavior, ER and DEP for
two touching inhomogeneous particles in suspensions. We
found mutual polarization effects and the spatial fluctuations
inside colloidal particles or biological cells can both affect
ER and DEP spectra significantly. Our approach has the fur-
ther advantage of being able to treat both electrorotation and
dielectrophoresis using the same theoretical framework.

As a further study and a test to our theory, it would be
interesting to have a systematic experimental investigation of
these effects. The hope is that they would shed light to the
limits of the theory and that they would help to separate the
DEP and ER behavior from, e.g., electrohydrodynamic flow
effects [39] and limitations due to Brownian motion. One
possibility for doing so would be to use the laser tweezers
combined with ER and/or DEP[39,40].
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